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Motivation: flow in heterogeneous porous media

Heterogeneous permeability varies on a fine scale.
Full fine scale grid resolution = large, highly coupled system of equations = solution
is computationally intractable

e Variational Multiscale Method

— Hughes et al; Brezzi
— Mixed FEM: Arbogast et al

e Multiscale Finite Elements

— Hou, Wu, Cai, Efendiev et al
— Mixed FEM: Chen and Hou:; Aarnes et al

New approach: based on domain decomposition and mortar finite elements

More flexible - easy to improve global accuracy by refining the local mortar grid
where needed
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Multiscale finite element/subgrid upscaling methods

Lau=f = wueV:au,v)=(fv)Voel.

Multiscale approximation: H - coarse grid, h = ¢ - fine grid (subgrid)

h
® ® ®
Van=Vg+V,
¢ 4 4 4 9
Basis for V;/(E): ¢y, i=1,...,Ng, | D D |
H

aE(qﬁg,i + ¢£i7vh) =0 Vo, € Vh(E) t + ¢ ® ¢

@ @ @

Multiscale solution: wugp € Vi p,

a(um n,vin) = (fiven) Yomn € Vi

Department of Mathematics, University of Pittsburgh 4



Multiblock formulation for single phase flow
Q — U,anlﬁi; Fij — 8QZ M (9(23
On each block €;:

u=—-KVp in{);
V-u:q II’]QZ
u-vr=0 on 0%;NoN2

On each interface I';;:

pi =p; onlyj

[U. . V]z'j =0 on Fij
where

pi = p|aQ,L-

u-v]j; =ulg,-v—ulg, v
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Multiblock discretization spaces

X e
* 7
& Ke x e
mortar
®X & i .
s ¢ kKexe x velocity
®X® > g
- : L e ¥ @ ® pressure
X @
i . P
Le x e
X

Vi=@ Vri, W= Wi, My= @ My
' i=1
)\h|rij € Mp ij, / (up - v]ij =0, € My ;.

Subdomain grids do not need to match.
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The mortar mixed finite element method
Find uy, € Vi, pp, € Wh, A, € My, st forl <1< n

(K_luh,v)gi — (pn, V- V)Q@- + (Ap, v+ Vz'>FZ- =0, ve&Vy,,,

(v ' uhaw)ﬂi — (Q7w)Qi7 w € Wh,ia

n

Z<U—h Viyp)r; =0, p € My,
i=1

Stability, optimal convergence, superconvergence:
Y.(1996,97), Arbogast, Cowsar, Wheeler, Y. (2000)
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Two-scale formulation: mortar upscaling

Two-scale problem:

h
@ @ L
¢ @ L L L ]
® mortar dof
¢ @ L L L ]
H
¢ L L L L
& L L

e Each block is an element of the coarse grid.
e Each block is discretized on the fine scale.
e A coarse mortar space on each interface.

e Result: Effective solution, fine scale on subdomains, coarse scale flux matching
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Multiscale mortar mixed finite element method

Allow for different scales and polynomial approximations on interfaces and subdo-
mains.

Assume
PkCVh,ia -PZCWh,ia PmCMHamZk+1

Find up, € Vy, pp, € Wi, Ag € Mg s.t. for1 <1 <n

(K_luhav)ﬁi o (ph7 V- V)Qi -+ <>\H7V ) V’i>Fi — 07 vV &€ Vh,i?

(V-up,w)o, = (¢, w)a,, w e W,

n

Z(Uh v, ), =0, pe Mpg.

1=1

Stability assumption:

HILLHO,FZ'J' < C(HQh,z’ﬂ

0,0;; T HQh,jMHO,Fi,j)a pe Mg, 1<i<j<n.
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An approximation result

Weakly continuous velocities:

Vio= {V € Vy: Z<V|QZ v, ), =0V p e MH}.

1=1

Equivalent formulation: find u;, € Vy, 9 and p;, € W), such that

(K_luh,v) — (pn, V-v) =0, v &V,

(V- -up,w) =(q,w), weW,
Interpolation operator IIp : V. — Vy, o such that

(V- (Ilpq—q),w)g =0, w e W.

IToa —allo <C Y (lal

1=1

b Al 2.0 HY?), 1<r<k+1
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A priori error estimates

Theorem:
lu—upl| < CH™2 4R, V- (u—uy)| < CR'!
H'u o uhIH < C(Hm+1/2 4+ hk—|—1H1/2)

Ip —pull < C(H™H/2 4 WM H + hIH)

llp = pnlll < CH|lu — un| g (div)

Balance ||ju — uy|| or |||p — pnl|| error terms (with | = k):

k+1
H = hnti72 = |[u—wy| < CREL, [|lp — pall| < CH* iz

For example, RTq, K = 0, and quadratic mortars, m = 2,

H=h*":lu—w| <Ch, |p—pul <Ch, |llp—pnll| <CrT7
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Parallel domain decomposition
GLOWINSKI AND WHEELER (1988), Y. (1996)

Two types of subdomain problems:

BC
BC -
B( _
! 0 9 |BC gu(p) = Z<uh,i Uiy )T
BC — =1
V)
O k
0 o \ aH,i()\a ) = _<uh,z’()‘) " Vi, M>r,-
0 0 n
- an(A\ ) =D ami(\p)
i=1

The solution (up, pr, Agr) to the original problem satisfies
Agdg =g or  ag(Am,p) =g(p), Yu e My,
with up, = u;,(Ag) +an, pn =p,(Ag) + Db
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Interface iteration

Lemma The interface operator Ay : My — My is symmetric and positive semi-

definite.
am,i(A, p) = (K_lu?i,z-(k), u}iz(u))

Ap : Ag — [uj(Am) - v] is a Steklov-Poincare operator.
Apply the Conjugate Gradient method for Ay g = gg.

Computing the action of the operator (needed at each CG iteration):
o Given mortar data Ay € M, project onto subdomain grids:

Mg — QunAH

e Solve local problems in parallel with boundary data Qn A\g
e Project fluxes onto the mortar space and compute the jump:

T T T
Up ;- Vi — thuh,z’ Vi, Al = thuh,l V1 QhQU-h,2 )
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Balancing preconditioner

BOURGAT, GLOWINSKI, LE TALLEC, AND VIDRASCU (1989),
MANDEL AND BREZINA (1996), COWSAR, MANDEL, AND WHEELER (1995),
PENCHEVA AND Y (2003)

Ag =) Ap,
Mt = (3 A55) AR

Condition number estimate:

Theorem -
cond(B;;Ar) < C(1+log(H/h))?,

where C does not depend on h, H, and jumps in K.
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Numerical experiments

m | H | |[|[p—pal| | [[a=uanl| | [llp—prll] | |[[u—ugl lp — Aul]
full K | diag K

2 | hl/2 1 1 1.5 1.25 1.25 1.5
2h 1 1 y) 1.5 1.5 y)

Table 1: Theoretical convergence rates for quadratic and linear mortars.

Example 1:

p(z,y) = 2°y* + 2% +sin(xy)cos(y), K = (

Example 2:

p@w%Z{(@ﬂf

z%y3 + cos(zy)

20

2x+9

K

y? +cos (3557y)
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(z+1)*+y?

sin(zy)

1,
10 x 1,

)

0<z<1/2
1/2<z<1
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Computed solution for Example 1

B. Discontinuous linear mortars

A. Discontinuous quadratic mortars

Computed pressure (shade) and velocity (arrows).

16
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Convergence rates for Example 1

1/h | iter. | llp = pall | [u—wnll | Illp = palll | llle = will] | lllp = Asll
4 3 2.64E-1 2.03E-1 4.62E-2 2.13E-2 4. 45E-2
16 13 6.37E-2 4 86E-2 2.83E-3 1.81E-3 2.72E-3
64 15 1.59E-2 1.21E-2 1.75E-4 1.60E-4 1.69E-4

256 | 16 3.98E-3 3.03E-3 1.09E-5 1.77E-5 1.08E-5

rate O(hOL) | O(hLO1) O(h201) O(hLT) O(h2-00)

Continuous quadratic mortars on non-matching grids

1/ | dter. | Ilp = pull | llu = will | lllp = palll | il = wal] | [lp = Aall
4 4 2.63E-1 2.04E-1 4 54E-2 2.35E-2 4 55E-2
3 I 1.28E-1 9.82E-2 1.14E-2 7.32E-3 1.13E-2
16 13 6.37E-2 4 .86E-2 2.82E-3 2.23E-3 2.83E-3
32 18 3.18E-2 2.43E-2 7.01E-4 6.95E-4 7.05E-4
64 23 1.59E-2 1.21E-2 1.75E-4 2.24E-4 1.76E-4

128 | 23 7.95E-3 6.06E-3 4.36E-5 7.47E-5 4.40E-5

256 | 24 3.98E-3 3.03E-3 1.09E-5 2.54E-5 1.09E-5

rate O(hl.Ol) O(h1.01) O(hQ.OO) O(h1’65) O(hQ.OO)

Continuous linear mortars on non-matching grids
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Error in the computed solution for Example 1

A. Discontinuous quadratic mortars B. Discontinuous linear mortars

Error in computed pressure (shade) and velocity (arrows).
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Iterative convergence for Example 2

1/h BalCG CG
cond. iter. cond. iter.
4 | 1.83E+0 | 5 1.45E4+1 | 8
16 | 2.49E+1 | 13 | 4.29E+1 | 20
64 | 233E+1 | 14 | 1.27E4+2 | 29
256 | 2.96E+1 | 15 | 3.63E4+2 | 45
Continuous quadratic mortars on matching grids
1/h BalCG CG
cond. iter. cond. iter.
4 | 1.79E+1 | 5 | 3.91E+1 | 8
8 | 1.78E+1 | 8 | 3.74E+1 | 11
16 | 250E+1 | 13 | 3.82E+1 | 19
32 | 3.68E+1 | 19 | 6.60E+1 | 26
64 | 471E+1 | 23 | 1.30E4+2 | 34
128 | 5.96E+1 | 24 | 2.58E+2 | 51
256 | 7.29E+1 | 24 | 5.16E+4+2 | 72

Continuous linear mortars on matching grids
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A posteriori error estimates

e Estimate the error by computable quantities
e Use the error estimator to dynamically adapt the grids

, 2 _ ~1 2 72 2 72 2
EeT,: wg=|[K u,+Vpulghy +[|f = V- wmlzhe + [Ag — prl5earhe,

reTHH W =[u, - V]|2H?

0% = hptws, @2 = H W2
Theorem (Upper bounds):

lp—prl> <CS > wh+ Y Wi,

EeTy, reTl:h

Ju— il <CQ D Ok + ) @

E€T), reTl:h
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Residual-based estimates: lower bounds

Theorem:

Z UJ% + Z Cd72_ < C Hp _ph||2 + Z h%”ll o uh”%](div;E)

EE€T;, reTlH EE€T;,

FOY HAN YD A i,

re7TT,.H reTl.H

Sap+ Y @< X hle - onlh + lln - wla

EE€T;, reTlH EE€T;,

Efficient (lower) and reliable (upper) estimate for p — pp:

Ci| > wh+ Y | <lp-plP<Co| > wip+ > w2

Ee€Ty, re7Tlh Ee€Ty, TeTlH
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Adaptive mesh refinement algorithm

1. Solve the problem on a coarse (both subdomain and mortar) grid.

2. For each subdomain €2,

(a) Compute
1/2

2 2
Wi = E Wg + E W
E€Ty; reTlih
(b) If w; > .bmaxi<;<pw;, refine Tp, ;.

3. For each interface I'; ;, if either 2; or {2, has been refined m times, refine 73, ; ;.

4. Solve the problem on the refined grid. If either the desired error tolerance or the
maximum refinement level has been reached, exit; otherwise go to step 2.
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Numerical experiments

Example 3: 2D problem with a boundary layer
p(x,y) = lOOOazye_lo(w2+y2), K=1

Dirichlet BCs; Continuous quadratic mortars

Example 4: 2D problem with highly oscilating tensor

(105 — 100 sin(207x) sin(207y)) « I, 0 <z,y <1/2 or
K = 1/2<z,y<1
(105 — 100 sin(27z) sin(27y)) * 1, otherwise

BCs: plz—=0 =1, p|z=1 = 0, no flow on the rest of the boundary
Discontinuous quadratic mortars

Multiblock decomposition: 6 X 6 subdomains

Coarse grid: 2 x 2 on each subdomain and adaptive mesh refinement

Department of Mathematics, University of Pittsburgh
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Computed solution for Example 3

Pressure on the fourth grid level

Discontinuous quadratic mortars
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Discontinuous linear mortars

pres
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Computed solution for Example 4

Magnitude of the velocity on the fifth grid level

speed

. 140.00 i
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+
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s i i i
H:::u:::-:::H::i
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i
___BENEREEN

!::H:::—:::H:::ﬁ
e
# N |

S

|||||||||||||||||||||||||
[Emmm T T 10

Discontinuous quadratic mortars Discontinuous linear mortars
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Relation to subgrid upscaling methods

Multiscal MFE:
Subgrid upscaling (Arbogast et. al.): ultiscale mortar MFE

o
X X X X
9 X 9 NS 9 X 9 % % % ¢
0 0 X X
X
X X o

VvV M VvV
V%,l Vi V%,z h,1 H h,2

V,=V) 4+ Vi,+V
ht T V2T VH Vio=Vi1+Viz: ([vr],p) =0,u € My

Multiscale mortar MFE: fine scale velocity approximation on each coarse edge;
coarse scale non-conforming error.

The two methods are related to the two (dual) non-overlapping domain
decomposition formulations of Glowinski and Wheeler.

No boundary layer effect in the the multiscale mortar MFE method.
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Note on the implementation

It is possible to solve
AgAg = gu
by solving for the discrete Green's functions

uj (1%,) for each mortar basis function i, € My

and forming Ag explicitly.

In this case cost is comparable to subgrid upscaling and multiscale FEM.

The iterative approach is more efficient as long as the number of inerface iterations

is less than the number of mortar degrees of freedom per subdomain.
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Extension to two-phase flow

On each subdomain €2;:

U, = —ka(S“)Kpa(VPa — pagV D) (Darcy's law)

Mo

% +V-U,=4¢q. (conservation of mass)

On each interface I';;:

On each ©; and I';;:

Department of Mathematics, University of Pittsburgh
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Domain decomposition

Interface operator By : My — My

For A = (PM PM) e My

where UM ()\) is the mortar projection of the solution U, (\) - v
to subdomain problems with Dirichlet boundary data .

The original problem is equivalent to solving for A € Mg such that

Br(\) = 0.

Department of Mathematics, University of Pittsburgh
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e Massively parallel - good speedup on 1000 nodes
e Multiblock - non-matching grids with mortars

e Multiphysics
— single phase and two phase
— black ol
— compositional
— geomechanics

e Multinumerics
— cell-centered finite differences
— multipoint flux mixed finite element methods
— discontinuous Galerkin methods

e Advanced solvers
— domain decomposition
— Newton-Krylov solvers
— physics-based preconditioners
— algebraic multigrid

Department of Mathematics, University of Pittsburgh
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Scalability study in IPARS

SPE10 field
85 x 220 x 60 = 1,122,000 elements

1 injector, 4 producers

Num. 10 | 20 | 30 | 50 | 80 | 100 | 150 | 200 | 256
Procs
R”'(‘hI)'me 68.67 | 35.61|23.35|13.51 (1017 | 7.33 | 4.93 | 4.21 | 4.06
250
S e,_—Y——,—-r
%150 OO SNSRI OS—- T et SR T
c%mu ------------------------------------------------------------------------
S R R SRR SRR AR -
0 } } } } }
0 a0 100 150 200 250 S00
Mumber of Processor
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Multiscale computational experiment

SPE Comparative Solution Upscaling Project; Oil-water displacement in a hori-
zontal cross-section 1200 x 2200 [ft]

5000.00
4736.89
4473.79
4210.68
3947.58
3684.47
3421.37
3158.26
2895.16

2632.05
2368.95
2105.84
1842.74
1579.63
1316.53
1053.42
790.32
527.21
264.11
1.00

Permeability: Computational grid 60 x 220
2% 1073 — 2% 10° 25 blocks: 5 x 5
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Computed oil pressure profiles at 2951 days

Three runs: fine grid (1 block), multiblock run with a single linear mortar element
on each interface (upscaled), multiblock run with refined mortars (6 elements) near
the wells (adapted mortar).

6050 6050 6050
6043 6043 6043
6035 6035 6035
6028 6028 6028
6021 6021 6021
6013 6013 6013
6006 6006 6006
5998 5998 5998
5991 5991 5991
5984 5984 5984
5976 5976 5976
5969 5969 5969
5962 5962 5962
5954 5954 5954
5947 5947 5947
5939 5939 5939
5932 5932 5932
5925 5925 5925
5917 5917 5917
5910 5910 5910
Fine grid solution Upscaled solution Adapted mortar solution
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Computed oil concentration profiles at 2951 days

COIL
43.00
39.67
36.33
33.00
29.67
26.33
23.00
19.67
16.33
13.00

COIL
43.00
39.67
36.33
33.00
29.67
26.33
23.00
19.67
16.33
13.00

COIL
43.00
39.67
36.33
33.00
29.67
26.33
23.00
19.67
16.33
13.00

Fine grid solution Upscaled solution Adapted mortar solution

Adapted mortar increases production well rates accuracy by a factor of 2 at the
cost of increasing CPU time by 50%.
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Comparison of linear and quadratic mortars for

two-phase flow

TCOFX

1594.19

1192.77

892.43

667.72
499.59

373.79

279.67

209.25

156.56
117.14

87.64

65.58

49.06

36.71

27.47

20.55

15.38

11.50

8.61

6.44

A. Permeability field B. Grids on the coarsest level

A. Oil pressure

linear mortars

POIL

4631.48
4448.48
4265.48
4082.48
3899.48
3716.48

353348 |

335048 |

3167.48
2984.48
2801.48
2618.48
2435.48
2252.49
2069.49
1886.49
1703.49
1520.49
1337.49
1154.49

B. Water saturation

quadratic mortars

mortar

GMRES

mortar | GMRES

01f
150 [
g 0.08 -
3
Ko}
=
2, fe)
o < |
2 .06 -
©100 |- o0
o -
5 Sl
‘6‘ —
.04 -

3 =
s
a so0f
o T 0.02|

7u.wyl-s.\\\\|\\\\|\\\\|\\\\|\\\\|\ OiL\.LLLL‘\\l\\\\l\\\\l\\\\l\\\\l\\\\l\

100 200 300 400 500 600 700 100 200 300 400 500 600 700
Time [days] Time [days]

Comparison of recovery curves.
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8
16
32

51.2
2.7
02.6
155.2

2

3
4
6

42.3
54.4
63.9
75.9
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0.55¢
0.52¢
0.501
0.47¢
0.447
0.42C
0.39¢
0.36¢
0.33¢
0.312
0.28¢
0.25¢



Summary

e Mortar methods are related to multiscale methods

e Generalization of subgrid upscaling methods.

e Different scales and polynomial degrees on interfaces and subdomains.

e Effective solution: fine subdomain resolution with coarse-grid flux matching
e Optimal fine scale convergence

e Coarser mortars of higher degree are more computationally efficient than finer
mortars of lower degree

e Extensions to multiphase flow in porous media

e Extensions to multiscale mortar DG-DG and DG-MFE methods
Current and future work

e Incorporate permeability modeling error in the error estimation

e Extensions to multiphysics problems

e Stochastic multiscale methods
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